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Five-center organic reactions are formulated in the form of pentagonal reaction-center graphs (RCC'’s) that
are subgraphs of imaginary transition structures. This formulation is based on the concept of a charge space
that affords rational representations of coordinate bonds. Pdlya’s theorem is applied to the enumeration of

these RCG’s, in which the obligatory minimum valencies of vertices restrict the mode of substitution.

The enumeration of reaction types is important for
any computer manipulation of organic reactions. In
previous papers,? we have reported on the enumera-
tion of generic reaction types in the form of the count-
ing of reaction graphs (RG’s) that are defined as sub-
graphs of imaginary transition structures (ITS’s).1b:9
Thus, we have enumerated pentagonal RG’s, which
represent five-center organic reactions, such as 1,3-
dipolar additions and cheletropic reactions.’? How-
ever, the enumeration of RG’s has disregarded the
variation of atoms that occupy the vertices of the RG’s
and has, thus, been limited within the counting of
modes of bond-switchings. For an effective manipula-
tion of organic reactions, it is necessary to count more
specific reaction types that define the variation of the
atoms as well as the modes of bond-switching. This
can be accomplished by counting the reaction-center
graphs (RCG’s) of the pentagonal class. In a continua-
tion of the enumeration of hexagonal RCG’s,? this
paper will discuss that of pentagonal RCG's.

A Charge Space for Representing Coordinate Bonds
in the Imaginary Transition Structure Approach. In
an enumeration of such five-center organic reactions,
one of the most troublesome problems is in the treat-
ment of coordinate bonds (Scheme 1). Although many
approaches have been devoted to this problem, none of
them have ever resulted in a comprehensive solution.
For example, Ugi et al.? have expressed reactions (1a)
and (1b) with graphs (7 and 10, respectively) in the
most abstract fashion (Scheme 2). They have ascribed
the two graphs (7 and 10) to irreducible reaction
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matrices (R-matrices) that are presumed to represent
five-membered cyclic processes. However, expression
(7) disregards the presence of a coordinate bond, which
is in turn replaced by lone pairs on the terminal atoms.
In other words, graph (7) and the corresponding R-
matrix indicate an acyclic process in their strict sense.
Although they had intended to classify 7 and 10 into
the same class, this classification requires the presup-
position of an implicit invariant bond. If the implicit
invariant bond is neglected, just as the graph (7)
indicates, there would be no good reason to classify
reactions 7 and 10 into the same class.

Hendrickson’s representations for five-center reac-
tions® are equivalent to the formulas (7 and 10) in an
abstract fashion. Hence, his method has the same
drawback as that mentioned as above, although it
claims that both of the two formulas represent peri-
cyclic five-center reactions. Vladutz?® has presented a
participating charge with a special symbol placed on
an atom. Zefirov et al.9 have treated a charge as an
independent node (vertex). These methods permit an
ionic representation as well as the covalent one, where
both of the two representations are legitimately alterna-
tive forms and, in other words, are not integrated.
Brandt el al.® have adopted Ugi’s R matirices along
with the same representation of charges as Vladutz’s
one. Although these approaches have described the
appearance and disappearance of charges, they have
paid little attention to the difficulty concerned with
coordinate bonds and the dual character of a bond (i.e.
the covalent vs. ionic character). Dubois et al.” have
reported the concept of chromatic transfographs,
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which also pays no attention to charges and abnormal
valencies.

In order to settle the problem, the ITS approach has
introduced a charge space that is attached to a syn-
thesis space (Scheme 3).1»  The synthesis space
contains all nodes that represent atoms or groups par-
ticipating in a reaction. The charge space consists of
charges that are regarded as independent nodes. These
nodes (atoms and charges) are linked by par-bonds (—),
in-bonds (-©-), and out-bonds (—) in accord
with any structural changes during a reaction. The
resulting structural formula is called a full ITS or an
ITS with charges. The concept of charge space thus al-
lows us to described a 1,3-dipolar reaction (Scheme 1a)
in light of a full ITS (11). This type of representation
is an integrated representation of covalent and ionic
characters (Scheme 3). Thus, the ionic representation
(e.g. N+-O-) of a coordinate bond and the covalent
counterpart (e.g. N=O) are interconvertible to one
another via the full ITS (e.g. 11).

The corresponding ITS (12) is obtained by project-
ing to an ITS (Pis), which is a deletion of interspace
bonds?® and of charges and a simultaneous attachment
of the intraspace bonds? to the respective edges. A
corresponding ionic representation (15) can be generat-
ed by projecting to an ionic ITS (Pion) that deletes the
bonds of a charge space.

The graphic representations collected in Scheme 3
may be unfamiliar to organic chemists who used to
discuss organic reactions in terms of the usual reaction
diagrams. To convert an ITS representation into a
reaction diagram, projections to the starting stage and
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to the product stage (PS and PP) are introduced. The
PS operation represents a deletion of all in-bonds.
This operation regenerates the starting stage. The PP
operation, on the other hand, represents a deletion of
all out-bonds, the operation of which creates the
product stage.

In the enumeration procedures of the ITS approach,
the covalent representation of a bond is preferred
rather than the ionic one.l? This methodology can be
rationalized by the indroduction of a charge space and
by the defining of the Pis and Pio, operations.!? The
preference of the covalent character has an advantage
in that this overcomes an apparent difference provided
by the dual representation of the bond character. Note,
for example, that though the ionic repesentation
(N+(=0)-0-) of a nitro group indicates the unequality
of the two oxygen atoms in the literal sense, the
covalent representation (N(=0)z) equalifies them.

In light of the ITS’s extended in this section, a
general treatment of five-center reactions is available.
As shown in Scheme 3, reaction (1b) is represented by
an ITS (16) in the usual fashion, since it contains no
charge space. Reactions (la) and (1b) (Scheme 1)
produce the corresponding RCG’s (13 and 17) and
RG’s (14 and 18). The latter pair affords a common
basic reaction graph (BRG 19), which logically in-
dicates that the two reactions belong to the same
category of pentagonal class.1?

Enumeration of Pentagonal RCG’s. The present
method that enumerates RCG’s consists of the follow-
ing steps:11:12 (1) finding the permutation group of a
parent RG, (2) considering the obligatory minimum
valency (OMV) of each vertex (node), (3) obtaining the
corresponding cycle index, and (4) substituting the
variables of the cycle index by appropriate atom-figure
inventories to afford an RCG-counting polynomial as
a generating function.

Table 1 lists parent RG’s of the pentagonal class.1?
There are no self-reaction pairs!® in this series. Each
of the RG’s has one vertex to which two out-bonds (or
two in-bonds) are incident. We call this a valency-
changed position (or vertex) because of its chemical
meaning. For simplicity of discussions, we suppose
that an atom Q always occupies the valency-changed
position of each parent RG (Table 1). Several
examples for atoms Q are collected in Table 2. The
expressions of expanded valencies listed in Table 2
have a sound basis by means of a charge space. The
present approach is capable of producing both the
covalent representation and the ionic one with the
appropriate projections (Scheme 3). The ITS ap-
proach permits a quinquivalent nitrogen, a quad-
rivalent oxygen and so on in the level of ITS’s
projected from full ITS’s.

Positions other than a valency-changed atom under-
go ordinary interconversions in which one in-bond
and one out-bond are attached to each of the positions.
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Table 1. Parent Reaction Graphs of Pentagonal
Class That Have 0 to 5 Single Par-Bonds
and Are Occupied by an Atom Q*9
:G :G
20 20°
—
49 %9 29 «0 Q Q
° ° ° °
AN ENENERNEN.
. . o0 oo
21 21" 22 22 23 23°
-— — -
aQ %0 aQ aQ Q aQ
NERENENIRNEY;
\o . \Izo Bz u
24 24° 25 25° 26 26"
Syt Sp———t —

Q
.;50\? .4 \; .:0‘: o ™o .* .
[ R v yow W F R4

30 (BR) 30 (BR) 31(BC2) 31' (BO2) 32(BR) 32° (BR)
Q Q Q Q Q Q

.6 g .4‘ *e .'ﬁ v}. S v}. .'ﬁ g .4' *e

“ # W 9 xr & & ¢ ¥ O & ¢

-0 LB ) oo0 o0 ool ol

33(BC2) 33° (BO=2) 34 (B02) 34° (BC2) 35(BR) 35° (BR)
————— e — ————r

Q Q Q Q Q Q
ey ey ¥y
\ltl/ [ E.= ] \lﬁo [ B \o-e-ol o-+-0

36 (BC1) 36°' (BO41) 37 (BO1) 37° (BC1) 38(BC1) 38° (BCi)
———— —_————— ——

a) The positions marked by B, ®, and none have
minimum valencies of v=3, 2, and 1, respectively. b)
Each couple linked with a brace is a reaction pair
(an RG pair). There are no self-reaction pairs. c) BO,
is a bridge of ring opening of order p. BC; is a
bridge of ring closure of order q. BR is a bridge of
rearrangement.

Their obligtory minimum valencies (OMV) are v=1
(unmarked), v=2 (marked with @), or v=3 (marked
with W) in accord with the substitution of par-bonds.
The unmarked positions are substituted by any atoms
that have a valency of larger than 1. We choose
carbon, hydrogen, oxygen, and nitrogen atoms as
substituents in order to simplify the following discus-
sions. Any position marked with @ (v=2) is capable of
taking C, N, or O, but incapable of taking a hydrogen
atom. Each position of v=3 () is capable of having C
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Table 2. Atoms (Q) Capable of Valency Change

Atom (Q)? Chemical meaning
-o~-M—o- ( M —_— —M— )
M (—M— — Moo
. ( —N—e —y  —=h= )
= Nt ( —=h= _— —N— )
=S=-nN=e- ( =—=N— —— =N=— )
=N ( =Nz ——> =N— )
=-06 ( —0— — —0= )
o (( —m0—= —» —0— )

a) The symbol (M) indicates a metal.

Table 3. Cycle Indices for the Parent RG’s of
Pentagonal Class Preoccupied by an Atom Q

RG? Symmetry Cycle index® Eq.
20,20" (0 G: (1/2)(c1t+c2?) 1
21,21' C] G: b1£13 2
22,22’ C G: bi%c? 3
23,23’ C: G: (1/2)(b12c12+bacs) 4
24,24’ C G: a1bics? 5
25,25’ C G: a1bi%c? 6
26,26’ C: G: (1/2)(b12c12+bacz) 7
27,27' Cl G: b13C1 8
28,28' C] G: b1361 9
29,29’ Cz G: (1/2)(b1*+b2?) 10
30,30' C1 G: a12b1€1 11
3L,31 C: G: (1/2)(a12b12+azb2) 12
32,32’ C G: a1b:2cy 13
33,33 Ci G: a1bs® 14
34,34, C: G: (1/2)(by*+b22) 15
35,35’ C G: a1b:® 16
36,36’ G G: a3h, 17
37,37 C G: a12b,? 18
38,38’ C: G: (1/2)(a12b12+azbz) 19
39,39’ C: G: (1/2)(ar*+az?) 20

a) The parent RG’s are collected in Table 1. b) G: a
cycle index for counting RCG's.

or N as a substituent.

The OMYV requires an extension of Pdlya’s theorem,
in which positions of different OMV’s take different
atom-figure inventories.!? Table 3 summarizes the
cycle indices corresponding to the parent RG’s of
Table 1, where variables a., b,, and ¢ are assigned to
the vertices marked by M, @, and none, respectively.1¥

If the variables of the cycle indices (Table 3) are
substituted by atom-figure inventories (Egs. 21 to 23),
RCG-counting polynomials are obtained as generat-
ing functions:19

a=1+uw, 21)
b=1+u+ v, (22)

and
a=1+u+ v+ w. (23)
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Table 4. Enumeration of Pentagonal RCG’s with an Atom Q

Parent 20 21 22 23 24 25 26 27

RG 200 21’ 22" 23

24" 25’

26" 27’
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CO—OCO~NO—~OO~NWO~RNO~OO~NWHARO~NWO~NOD —O

—

OCHMHMFHFWOAWIDDLWRLOOWLWOWROOOWR~BNE—~HBRNNBEDN D D D —
—

—

Ll
COOCOCOCOO=——NOONONOOON~ DR~ B NNNPAEDIN D D B —

—
—

CHHOONHFO~OOWN—ON—O~OOHMWN—~OWLN~ON—O~OO|-

BOWONNNNNN = = et et et e = O OO0 00000000 &
b

S NRNNMNMNNONOONNOONONOOOOOAN ~ N B N~NDOOIN DD B NN —

COOCO I = WU~ W WWRWW—~NBN—~NOOON D OB NN ~—~

COOCOCO=—r—N—ONBNNIOIOIDBDOAINO—WL =D OB WD WH —
COCOOCOCOCOCOOO N M m NDWN QO W DO DWW W —

C OO O - et et et = = DWW WROWE~NBAN—NOODOIN B DS NN —

—

bt

COOCOCO OO O~ LW WFWRAWRW— ~ DA~ RANNBEDINOD D b —

—

OO COOOO OO LI L O LY LS B v O b — s 1O 1O B O 1O O i o

COOC OO OO OO0 OOOCOOO OO~ NN NOON SO A NN —
COOCOCOOOCCOOOO——ONWHWHFOO—~N—ONIIBR—=O N B —
COOCO OO OO OO N = h WONWH O WM~ DO WWOD WD —
COOCOC OO OO0 OOOOOOOC OO LWL s N WO WO D W —
COOCOOCOOOOCOOOODOOCOCOOO~NHBNNOIDN B D NN —~
COO0OO OO0 — LW OO WWOD W —
COO0C O OO0 OOOOO0OOOOOCOOOCOO— O OWHR DLW — Wb
C OO OCOCOOOOOOOOOOOOOCOOOCO—N—ONNDO DR~ N W —
COO0O OO0 O0OOCOOOO D000 — i et D = WORN = O — N —
C OO0 OO0 OO0 OO OO0 OO OO0 OO OO0~ OO OO O —

Table 5. RCG Isomers with N20

Based on 36, 37, and 38

Pa}ie(;u RCG with N20
59 Ny %%,
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Equation 21 is an atom-figure inventory for counting
the modes of C and N substitution, where a variable
for C is not expressed explicitly. Equation 22 enume-
rates the modes of C, N, and O substitution. The
modes of C, N, O, and H substitution are counted by
Eq. 23. The coefficients of the RCG-counting poly-
nomial series are collected in Table 4, in which each
column is in accord with a given parent RG, each line
indicates the powers (¢, j, and k) and their intersection is
the coefficient of the uiviw. This value is the number
of RCG isomers with i nitrogens, j oxygens, and k
hydrogens (N;O;H,).

Table 5 shows RCG isomers derived form parent
RG’s (36, 37, and 38) by N20 substitution. The
number of RCG isomers from 36 is 3, which is found
at column 36 and line :=2, =1, and k=0 in Table 4.
The number of RCG isomers derived from 37 and 38
are also listed in Table 4.

Table 6 collects parent RG’s in which a pentagonal
basic reaction graph (BRG 19) has one double par-
bond and two single par-bonds. One Q atom preoc-
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Table 6. Parent Reaction Graphs of Pentagonal Class That Have One Double Par-Bond
and Two Single Par-Bonds and Are Occupied by an Atom Q*~9

Q Q
,5« 4( Fan Y e
A A o B
RENERRA N
I-H-O Aol
40 (Bn) 40° (BR) 41 (BC2) 41 (B02)
e
A
[ ] l
] \*_. \? 7
44 (BR) * (BR) 45 (BR) 45 (BR)
~ Q Q
e YIS
Oﬁl/ [ =25 ] H-e-0 \I-M-Q
48 (BR) 48° (BR) 49 (BC2) 49° (BO2)
D e
Q Q Q Q
.4;9 i«. l(“‘ %o o'ﬁ 04
¥ F % ¢ EE /L /]
000 o0 02-A Ot-A
52 (B02) 52°' (BCa) 53 (BR) 53" (BR)

a a a aQ
I I g X
AZR AXm
42 (BR) 42° (BR) 43 (BR) 43" (BR)

a a a 0
RN NYKY
A=A AZEA ._,f ;-»j
46 (BC2)  46° (BO2) 47 (BR) 47" (BR)

S et

Q Q [ 0
Ty s
==a e Py o-+9
50 (802) 50° (BCa) 51(8C2) 51° (BO2)

Q a, a aQ
A\f :7 \f’ ¢7 .;ﬁ' \;7 .:? x;,
e | 2y e
54 (BC2) 54 (B02) 55 (BR) 55° (BR)

N et

a) The positions marked by A, @, ®, and none have minimum valencies of v=4, 3, 2, and 1, respectively. b) Each couple
linked with a brace is a reaction pair (an RG pair). c¢) BO, is a bridge of ring opening of order p. BC, is a bridge of ring

closure of order q. BR is a bridge of rearrangement.

Table 7. Cycle Indices for the Parent
RG’s of Pentagonal Class Preoc-
cupied by an Atom Q

RG? Symmetry Cycle index® Eq.
40,40’ Cl G: a1b1€1 24
4],4]' Cx G: alzbl 25
42,42’ G, G: ar%c, 26
43,43 C, G: a1bic1 27
44,44’ G G: a1?bicx 28
45,45' C1 G: blcl 29
46,46’ C G: b2 30
47,47 C G: bi2c, 31
48,48’ C G: a:2bs? 32
49,49’ C, G: a:3b, 33
50,50’ C: G: (1/2)(a12b12+azbs) 34
51,51’ G G: b3 35
52,52’ C G: a1b® 36
53,53' C G: a1b12 37
54,54’ C, G: aib? 38
55,35’ C, G: a1b1? 39

a) The parent RG’s are collected in Table 6. b) G: a
cycle index for counting RCG's.

cupies the valency-changed position of each of the
RG’s. The other positions are discriminated by their

~OMV’s (i.e. A for v=4, B for v=3, @ for v=2, and none
for v=1).

Table 7 summarizes the cycle indices corresponding
to the respective RG’s of Table 6. Each of the cycle
indices contains variables selected from a, (for v=3), b,
(for v=2), and ¢; (for v=1). The position marked by A
can be substituted only by a carbon atom and, hence,
takes no variables in the present treatment. If the

Table 8. RCG Isomers with One Oxygen
on 34/, 50’, and 52’

Pal;e(r;lt RCG isomers
Q Q
o W
34/ 0
£9
50" % ;
52’

o OO

variables (a:, b, and ¢:) of each cycle index (Table 7) are
substituted by the atom figure inventories (Egs. 21 to
23), the corresponding RCG-counting polynomial is
obtained as a generating function for each case. The
coefficient of the term uiviwv in the RCG-counting
polynomial indicates the number of RCG isomers
having NO;H;.

Table 8 compares the RG’s (34, 50’, and 52’)
substituted by one oxygen. The number of isomeric
RCG’s based on each of the RG’s emerges as the
coefficient of term v in an RCG-counting polynomial
derived from Eq. 15, 34, or 36.
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Conclusion

Five-center organic reactions are formulated in the
form of pentagonal reaction-center graphs (RCG’s).
These RCG’s are enumerated by extending Poélya’s
theorem, so that different variables are assigened to the
vertices of each parent reaction graph (RG) in accord
with the obligatory minimum valencies of the vertices.
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